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ABSTRACT

We present an introductory review of concepts behind micro-
magnetic simulations, in which magnetic moments represent-
ing collections of atomic spins within a material evolve ac-
cording to the Landau-Lifshitz-Gilbert equation, a generalized
torque equation. This evolution is determined by a variety of
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interactions, including those arising from external fields, mag-
netostatic and exchange effects, and magnetic anisotropy.
Anisotropy is a key ingredient in the Stoner-Wohlfarth model,

equation; magnetic
hysteresis; magnetic
nanoparticles

which provides a quantitative basis for understanding mag-
netic hysteresis. In turn, hysteresis loops provide a basis for
comparing simulations and experiments, and are important,
for example, in quantifying the heating response of a sam-
ple to an oscillating external magnetic field. Micromagnetic
simulations bear conceptual similarity to molecular dynamics
(MD) simulations, but whereas in MD classical potentials are
used to naturally model interactions between atoms and/or
molecules, the choice of modelling length scale in micromag-
netics is less obvious. If effective interactions are determined
for, say, two crystallographic unit cells of a material, how in-
teraction parameters should scale with micromagnetic sim-
ulation cell size, particularly at finite temperature, is still an
area of research. Finally, we discuss the coupling of magnetic
and mechanical degrees of freedom in simulating atomic and
nanoparticle systems. This review is based, in part, on our
own experience in modelling hysteretic heating of magnetite
nanoparticles.
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1. Introduction

Magnetism is a phenomenon that exerts its influence in different contexts on
vastly different length scales [1], from the magnetohydrodynamics of galac-
tic collisions [2], to the control of tiny electric currents based on the spins
of individual electrons in so-called spintronics [3]. Micromagnetism is de-
voted to the study of magnetic phenomena with spatial dimensions between
the macroscopic and the atomic [4], between solving Maxwell’s equations
in order to, say, determine the magnetic field configuration due to a tangle
of electrical currents, and calculating the quantum mechanical response of
atomic nuclei to variations of such a field [5]. In micromagnetic modelling,
or simply micromagnetics [6-8], a single classical magnetization vector is
used to represent all the atomic spins within a small volume, referred to as
a micromagnetic cell, thus treating materials as being composed of a dis-
crete collection of small magnets. The focus of micromagnetic modelling is on
physical phenomena occurring on length scales larger than the cell size. The
micromagnetic cell is a modelling element that is coarser than, but nonethe-
less analogous to, an atom or molecule in a molecular dynamics simulation:
large enough to be modelled classically, and small enough so that their col-
lective behaviour predicts emergent properties. Examples of applications of
micromagnetic modelling include the study and development of magnetic
recording media and devices [9-11], thin films [12-15], spintronics [16-18],
nanoparticle hyperthermia [19-23] and skyrmions [24-26].

Figure 1 provides an example illustrating the basic idea behind micro-
magnetic modelling and is motivated by our own efforts in modelling the
heating of complex iron oxide nanoparticles under an external AC mag-
netic field in the context of nanoparticle hyperthermia [27-30]. A small
portion of a magnetite nanorod, initially taken to be the crystallographic
unit cell comprising several atomic spins highly correlated through strong
exchange interactions, is modelled with a coarse-grained micromagetic cell
with volume V, uniform magnetization M, and magnetic moment &t = MV
of constant magnitude 1 = MV, where M, is the saturation magnetiza-
tion [31-33], the magnitude of the magnetic moment per unit volume when
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Figure 1. Micromagnetics in a nutshell.
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atomic spins are optimally aligned with an external field. This micromagnetic
cell interacts with neighbouring cells via exchange and with the many other
cells making up the nanorod through magnetostatic (approximately dipo-
lar) interactions. Using larger and therefore fewer micromagnetic cells would
reduce the computational load, enabling, in our example, the simulation of
assemblies of nanorods in the form of nanoparticles. However, the assump-
tion that all atomic spins are completely correlated owing to exchange within
a cell, even at temperature T =0, holds at best only for cells smaller than the
exchange length, a length scale brought about by the competition between
magnetostatic and exchange interactions [4]. At finite T, thermal fluctua-
tions necessitate the finding of effective interaction parameters as a function
of V. Beyond the purely magnetic behaviour of a system, there is growing in-
terest in modelling the coupling of magnetic and rototranslational degrees of
freedom at the atomistic and nanoscopic scales, for example in the modelling
of cobalt nanowires [34] or how nanoparticle rotation can effect hysteretic
heating induced by an oscillating external field [35].

The purpose of this review is to familiarize the non-expert reader with
the basics of micromagnetic modelling. In section 2, we discuss the inter-
actions and modelling needed to describe magnetic hysteresis, including
magnetic anisotropy and the celebrated Stoner-Wohlfarth model. Section 3
provides a discussion of other important magnetic interactions. The equa-
tion at the heart of modelling the dynamics of micromagnetics, namely the
Landau-Lifshitz-Gilbert (LLG) equation, is presented in section 4. At its core,
micromagnetics is an exercise in coarse-graining — using a relatively small
number of degrees of freedom with effective interactions between them to
represent systems with a large number of individual magnetic spins. In this
vein, section 5 discusses how the interactions between micromagnetic cells
need to change as cell size is varied. In section 6, we provide a survey of
efforts to combine magnetic and mechanical degrees of freedom, a topic
gaining recent attention within the micromagnetics community, both on an
atomic scale and at the nanoparticle level. In section 7, we provide concluding
remarks.

2. Energy, anisotropy and the Stoner-Wohlfarth model: hysteresis
2.1. Energy of a magnetic moment in a field

The fundamental starting point for our discussion is a result familiar to us
from the early years of our physics education, namely, that the potential
energy (Zeeman energy) of a magnetic dipole, or in our case a uniformly
magnetized cell, in a magnetic field B (or H) is given by,

U=-pu-B=-pypu-H=-p, VM -H = —pyM,;Vm - H, (1)
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where the unit vector m = p/p = M/M; and 1y = 47 x 107 N/A? is the
permeability of free space. In the micromagnetic context of moments within
a magnetic material, H is not solely due to an external field. Magnetocrys-
talline anisotropy, arising from the electronic environment formed by the
neighbours of magnetic ions, various forms of exchange, and weak but long-
ranged magnetostatic (dipolar) fields are possible contributors to the effective
field acting on a given magnetic moment. Going forward, we will refer to the
external field as H, and the effective field as H 4. Whatever the sources of H.g,
p will align with it if energy is removed from the system.

2.2. Magnetic anisotropy

While less familiar to students of physics than exchange and dipolar interac-
tions, magnetic anisotropy is important in understanding magnetic hysteresis
loops, which are crucial in characterizing magnetic materials and systems
experimentally [31,32,36-38].

Crystal structure, shape and surfaces of a magnetic sample can result in
magnetic anisotropy: preferred directions for the magnetic moments within
the sample. Magnetocrystalline anisotropy arises from the crystal field, de-
fined as the electric field arising from neighbouring atoms in the crystal [32].
It derives its character from the symmetry of the local environment. For a
uniaxial crystal, this energy depends on the angle the spin makes with the
anisotropy axis represented by the unit vector u, and its contribution to the
system Hamiltonian can be written as,

%ani = —KuV(m . u)z, (2)

where K, is the uniaxial magnetocrystalline anisotropy constant or energy
density. When K,>0 (u defines an easy axis), the energy is lower if the mo-
ment aligns, either parallel or antiparallel, with u, and if K,<0 (u defines
a hard axis), the energy is minimized when spins lie in a plane perpendic-
ular to u. For a cubic crystal with three equally preferred axes, taken here
as X, y, z, the lowest order anisotropy term occurs at fourth order, given by,
FHoni = -K .V (m + mj + m7), where K represents the cubic anisotropy con-
stant. K. >0 causes spins to align along the [100] directions and for K.<0 the
preferred anisotropy axes are along [111].

Surface anisotropy originates from broken symmetry at the surface and
surface-core strains. It imparts a local anisotropy axis perpendicular to the
surface and can be orders of magnitude greater than bulk magnetocrys-
talline anisotropy, for example, in cubic ferromagnets [39]. The shape of a
magnetized object may give rise to shape anisotropy, which we discuss below.
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2.3. The Stoner-Wohlfarth model and hysteresis loops

The elements discussed above allow us to introduce the Stoner-Wohlfarth
(SW) model, the foundational model for understanding hysteresis loops that
consists of a uniformly magnetized body with a single uniaxial anisotropy
axis, or, more fully, a collection of such independent bodies randomly ori-
ented, subject to an external field. Relevant vectors of the model are illustrated
in Figure 2(a). A particle’s energy is the sum of the anisotropy and Zeeman
contributions, and so it is convenient to work in terms of the reduced external
field h = H/Hy, where H is the scalar in H = HH, and H; = 2K, /(j,M,)
is called the anisotropy field. Normally, H is considered fixed (often taken to
be z), with H flipping directions when H changes sign. A particle’s energy de-
pends on the angle 6 between the magnetization and the anisotropy (between
m and u), the angle 6, between the applied field and the anisotropy axis (be-
tween H and u), and the angle between the magnetization and the applied
field, which for planar geometry is 6, - 6, and can be expressed in this case as,

E

— <in2f _ _
KuV—sm 0 - 2hcos(6, - 0). (3)

As shown in Figure 2(b), for which H is pointing away from u at an angle
of 8, = 37m/4, energy minima representing the stable and metastable direc-
tions of p are separated by an energy barrier at low h. Varying h alters these
directions. In the low-temperature limit (T =0), on increasing h, p initially
aligned along u flips to align (approximately) along H only when the energy
maximum and metastable minimum disappear by merging into an inflection

=~ 2
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Figure 2. a) Stoner-Wohlfarth particle with an effective uniaxial anisotropy under application
of an external field, b) the reduced energy (£ /K,V) as a function of 8, when 6, = 37 /4 and
h, = 0.5 (see Equation 3). For h < 0.5, two energy minima are present, and they are separated by
amaximum. At a threshold value of h & 0.5 the metastable minimum merges with the maximum,
and so for h > 0.5, there is only a single energy minimum.
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point at h = h, [h, ~ 0.5 in Figure 2(b)], an expression for which is ob-
tainable by considering appropriate derivatives of Equation 3 [31]. For T >0,
the required energy to overcome the barrier can be supplied through thermal
fluctuations in a statistical process.

Equation 3 forms the basis for understanding hysteresis loops at T =0.
Highlighted in Figure 3(a) is a blue hysteresis loop for 6, = 45°. At large pos-
itive h, m is nearly aligned with the external field and its component along
the field m; = m - H is nearly unity. As h decreases and the relative influence
of anisotropy increases, my decreases, its precise value obtainable by mini-
mizing Equation 3 with respect to 6. At h=0, by definition, my = m,, the
remanent magnetization. As h decreases further to small negative values, the
magnetization is now trapped in a local energy minimum, with the global
minimum existing at larger value of 6, as depicted in the inset to the right
of Figure 3(a). At h = -h, the metastable minimum becomes unstable, as
depicted in the inset to the top left of Figure 3(a). Infinitesimally below -A,,
the magnetization flips to (nearly) align itself again with the external field.
In general, the field magnitude H, at which my = 0 is called the coercivity,
or coercive field. Below -, my approaches -1 as h decreases further. On in-
creasing h, there is a similar lag in the response of m to the changing sign
of h, resulting in an open loop, with a finite area between increasing and de-
creasing field branches. Loops for other values of 6, are shown in Figure 3(a),
while the uniformly spherical average over 6, is shown in Figure 3(b). This
average represents the response of a collection of randomly oriented SW
particles.

At finite temperature, thermal excitations facilitate the magnetization
switching between energy minima, reducing both m, and H,. The rate of
switching is chiefly controlled by the energy barrier separating the two min-
ima. Usov et al. [40] introduced expressions for the rate of escape from a
local minimum to the global minimum that can be used to calculate hysteresis
loops at finite T.

1.00,\ T =z
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E ) E . 6 —0.25 7
e 50: TN ~0.50" :
a7 £ 1 RO - :
6755 A I -0.75 -
71'00:_11...l....l....l....l ........... 100 Tl e S
2157210205 0.0 08 10 TS -15-10-050.0 05 1.0 15

8 h = H/Hk h=H/Hg

Figure 3. SW hysteresis at T = 0: a) hysteresis loop for selected 6, and magnetization energy pro-
file according to the field strength; b) average hysteresis loop for a collection of randomly oriented
particles.
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Hysteresis loops in general depend on both T and the rate at which H
changes with time, the sweep rate, which is expressed in terms of the field
amplitude and the frequency [41]. The idealized T = 0 hysteresis loops reflect
the assumption that the sweep rate is effectively zero, i.e. slow enough to allow
m to relax to the local potential energy minimum at every value of H. Simu-
lating this case involves numerical minimization of the energy to a specified
tolerance to obtain m; (H). This approach is sufficient for some applications.
In other applications, such as nanoparticle hyperthermia, the sweep rate can
strongly impact loops because it is comparable to the relaxation rate of m.
The experimental sweep rate can often be orders of magnitude too slow to be
accessible to direct simulations. One approach to bridge this gap, in the case
when the underlying relaxation follows Arrhenius dynamics, is to link the
behaviour of loops at slow sweep rates and low T with those at higher sweep
rates and higher T' [10]. Additionally, kinetic Monte Carlo techniques are
useful when relaxation is dominated by rare energy barrier crossings. In this
case, a simulation proceeds at the level of spin flips between stochastic wait
times, rather than waiting for flips to occur spontaneously as spins undergo
microscopic motion. Kinetic Monte Carlo, however, requires a determination
of the escape rates from local energy minima from an analysis of the poten-
tial energy landscape [41]. As a final remark, for the case of a finite sweep
rate, loop shape falls roughly into two categories: major loops, for which my,
reaches saturation at large H, and minor loops, for which my; does not plateau
at large H but rather traces out an ellipse-like shape in the my-H plane.

3. Exchange, dipolar interactions, magnetostatics
3.1. Exchange interactions

The exchange interaction between atoms is a quantum mechanical effect due
to the requirement that the wave function for a system of electrons be anti-
symmetric with respect to the exchange of electrons [32,42,43]. For a system
of two electrons, with %) _(r;) describing the spatial state of the first electron
and 1, (r,) that of the second, the allowed states are the singlet and triplet
states, given respectively by,

Ug = %hﬁa(rl)d;h(rz) + ¢a(r2)¢b(l‘1)]xsmgle‘ and
Uy = %[1#(1(1'1)1#@(1'2) - T,bu(l‘z)qpb(rl)]XTriplet’

where x is a spin state antisymmetric with respect to electron exchange
and with total spin S = 0, and x P! represents any of three symmetric states
with total spin S=1. The spatial parts are constructed to be appropriately
symmetric or antisymmetric.

(4)

Singlet
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The energy difference between singlet and triplet states can be written in
terms of an overlap integral,

Es-Er=2] = 2/‘L’Z(rl)TPZ(rz)f}wa(rz)wb(rl)dﬁdl‘z) (5)

which depends on Coulomb interactions and is zero if 1, and 4, do not
overlap.

The widely used Heisenberg model Hamiltonian can then be written, up to
a constant, as,

%H = _2]SI . Sz, (6)

Singlet

. 3 1
where the eigenvalues of the operator S, - S, are - for x and " for

x TPt For J <0, the singlet state, for which spins are antialigned, has the
lower energy, giving rise to antiferromagnetic order. Conversely, for J > 0, the
triplet state has lower energy, giving rise to ferromagnetic order. While the
quantum states of a system with many spins is much more complex, pairwise
exchange is still relevant. In the classical version of the Heisenberg model, the
spin operators are replaced with classical spin vectors.

In making the transition to micromagnetics, the exchange energy of the
system takes on the form of the classical Heisenberg model,

E = - Z ]effmi . mj, (7)

<ij>

where the double sum runs over all nearest neighbour pairs of cells and it is
assumed that all spins within the cell are perfectly correlated. For example,
if the micromagnetic cell is the unit cell of a material like magnetite, which
contains 24 magnetic ions, /.4 can be estimated by considering the exchange
interactions across the faces of the unit cell [44-47]. J .4 can also be esti-
mated from a critical magnetic temperature T, which, for the example of the
classical Heisenberg model on a cubic lattice, follows [48],

kT, = 0.24 x 6], = 0.24 X 6aA, (8)

where a is the cell length (lattice constant) and A is another form of the ex-
change constant, with units of energy per length. In the continuum limit [49],
where spatial variations in m; occur on a scale much larger than a and hence
it makes sense to think in terms of a field m(r), the system energy is the prod-
uct of A and an integral over space of the gradient of m(r). Experimentally,
A can be determined from the analysis of wave motion, i.e. spin waves, in a
sample of material [50,51].
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The relation J.¢ = aA suggests a simple scaling of interactions when varying
cell size in micromagnetic simulations. However, it is not so simple, as the
larger a is, the less valid the assumption of perfect correlation among spins
represented by a single magnetic moment. Finally, factors of 2 abound in the
definitions of ], J.¢ and A depending on context and convention, and so care
must be taken in this regard.

3.2. Dipoles, magnetostatics, and shape anisotropy

Unlike quantum-based exchange interactions, dipole interactions are rooted
in classical magnetism. The magnetic energy between two magnetic dipoles
p, and p, separated by r is given by [32],

3

=% (Ml-uz—;(ul-r)(uz-r))- ©)

In addition to the magnitude of the moments and the distance between them,
the magnetic energy depends on their directions relative to each other (first
term), just as in Heisenberg exchange, as well as their directions relative to the
line joining them (second term). In crystals, this axis is related to the lattice
vectors.

Compared to exchange and magnetic anisotropy, the dipole energy is typ-
ically orders of magnitude weaker but is long ranged, and can therefore
have profound effects on the state of magnetization, and hysteresis loops,
for ferromagnetic and ferrimagnetic materials. Ferrimagnetic materials have
antiparallel neighbouring spins of unequal magnitude, resulting in a net
moment. Owing to cancellation effects, dipole interactions are much less
important in the case of antiferromagnets. Two energetically optimal align-
ments of a pair of magnetic dipoles important for our discussion are shown in
Figure 4. In the first case, Figure 4(a), dipole moments are aligned with r. This
stable orientation enhances ferromagnetic order. In the case where the mo-
ments are perpendicular to r, Figure 4(b), antiparallel orientation is favoured
and disrupts long-ranged ferromagnetic order.

In going from an atomic-level description to the micromagnetic one, the
inevitable competition between ferromagnetic exchange and dipole interac-
tions limits the range of magnetization correlation, at T =0, to be less than
the so-called exchange length [4],

2A
lx = - (10)
PhoMs
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(a) .

< = _ 0 _
H1 r Kz E=7"S5ue(=2)
(b)

M1?

Ho
1[12 E= mlﬁ#z(_l)

r

Figure 4. Energetically favourable configurations for (a) parallel (ferromagnetic) and (b)
antiparallel (antiferromagnetic) dipole alignments.

As an example, for magnetite, A = 1 x 1071 J/m [4,45-47,50,52-54] and
M, = 480 kA/m [52,55,56], and so micromagnetic simulation cells should be
less than [, = 8 nm [4] in length in order to avoid unphysical results.

Once finite micromagnetic cells are used, the point dipoles (Figure 5(a))
only approximately describe the fields generated by the cells (Figure 5(b)).
The field at an arbitrary point in space due to a magnetized cell is obtained by
integrating the dipolar contributions over the volume of the cell. Through the
divergence theorem, the result can be expressed as a surface integral, which,
for rectangular prisms, has a closed form solution [57]. The field due to a
cell acts on the cell itself (this is the H,; appearing below in the discussion
of shape anisotropy) and has a demagnetizing effect, and is often referred to
as self-demag. Otherwise, the magnetic field due to a cell is referred to as the
demag field. The terms demag and self-demag merely differentiate the effects
of magnetostatic interactions.

The shape of a magnetized object may give rise to shape anisotropy. The
magnetization discontinuity at the surface of a finite-sized ferromagnet leads
to effects that can be modelled by a surface layer of magnetic charges or
monopoles. The field arising from these surface monopoles is called the de-
magnetization field H. It is a complicated function of the position within
magnets of arbitrary shape. However, the Brown-Morrish theorem [56,58]

r

Hi

3r(w; i — T
l()——(% f—3> l()‘_f‘“""‘(“ﬁ E

Figure 5. The magnetic field produced by (a) a magnetic point dipole and (b) a bar magnet at
distancer.
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suggests equivalence of an arbitrarily shaped magnetized body with a uni-
formly magnetized ellipsoid of the same volume. For a uniformly magnetized
ellipsoid, H; = -NM, where N is the demagnetizing tensor that depends on
the axis lengths of the ellipsoid [32]. In the case of a spheroid, the demag-

netization energy density E = poM - N - M/2 can be written in the form

2 -
of a uniaxial anisotropy with energy density K, = oM (N, N [31], where

N, and N, are, respectively, demagnetizing factors perpendicular and along
the rotational symmetry axis of the spheroid. Ky, is positive (easy-axis) for a
long, thin (prolate) spheroid. The dimensionless ratio 110M?2/| K| estimates the
shape anisotropy contribution to the particle’s total energy relative to its cubic
magnetocrystalline anisotropy. For magnetite spheroids with a ratio as small
as 1.2 between semi-axes lengths, effects of cubic anisotropy can be ignored
as the uniaxial shape anisotropy is dominant [56]. For an example of cal-
culating the shape anisotropy, see [57,59]. Modeling self-demag with shape
anisotropy reduces the computational load in micromagnetic simulations;
rather than calculating magnetostatic interactions between all the cells mak-
ing up a magnetized body, an anisotropy term is simply added to each cell.
However, whenever accuracy is preferred to computational speedup, partic-
ularly where non-uniform magnetization is expected, the full magnetostatic
formalism should be used.

3.3. Other interactions

In addition to the magnetic interactions described above, there are a number
of other mostly anisotropic contributions to the energy that can be important
for micromagnetic simulations in some cases. These types of terms typically
depend on the nature of the crystal symmetry and often have their origin in
spin-orbit coupling effects. An example considered in thin-film applications
is the fourth-order single-ion uniaxial term of the form [60],

Hp = -K,V(m-u)t (11)

Anisotropic terms may also involve interactions between neighboring cells.
Systems with single-site uniaxial anisotropy usually have a crystal symmetry
that supports the existence of anisotropic exchange in addition to the usual
Heisenberg isotropic exchange. This type of exchange term can be written as,

Hy, =),y mymy, (12)

<ij>
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and has been shown to impact the structure of MH loops [61]. Systems
with exotic magnetic structures called skyrmions [26] have been mod-
elled using micromagnetics where such spin textures are stabilized by the
Dzyaloshinskii-Moriya interaction [24,25]. This contribution is allowed by
symmetry only for a relatively small set of crystal structures and takes a form
that one can think of as a cross-product version of normal exchange,

}(D = Z DU . ml' X m] (13)

<i>

These and other less traditional contributions to the energy can usually safely
be omitted from most simulations as they are typically small but in some cases
they are necessary to explain key phenomena.

4. Dynamics: magnetic torque and the LLG equation
4.1. Torque on a magnetic moment

The torque on the magnetic moment due to a field is ;¢ x B, and this lies at
the heart of simulating the dynamics of classical magnetic systems. As p is
associated with angular momentum S through the gyromagnetic ratio -y via
@ = -7S, and given the fact that the time rate of change of angular momentum
is equal to the torque, the time evolution of a magnetic moment is governed
by the torque equation,

i

=M x B, (14)

with the result that p¢ precesses around B [32] indefinitely and without decay,
maintaining a constant component along B.

In the context of the micromagnetic modelling of materials, Equation 14
applies to each cell, for which o = mM,V and B is replaced with pi,H.4. The
result is the Landau-Lifshitz (LL) equation,

dm
7 = YHom X Heg. (15)

In the micromagnetic context, 7 is taken to be that of an electron, with
v = eg/2m,, where e, m, and g =~ 2 are the absolute value of an electron’s
charge, mass and g-factor, respectively. H ¢ represents the sum of different
interactions as,

Heff = HZeeman + Hani + Hmagnetostatic +H, (16)
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where the field contribution at the i cell can be calculated via the derivative
of the appropriate energy with respect to magnetization, e.g., for anisotropy,

2K
/’LOMS

1 0K 10

H, -- _
an oM,V Om; oM,V Om,;

(-KV(m; - w;)?) =

(m; - ui)“i)

(17)
and exchange, where we assume that V = g’ and recall that J.¢ = aA,

_ 1 0 ]eff _ A
Heo = =03V om, (—;Zij-mk = M > om;,  (18)

j ken; JEN;

where j € N; signifies that the index j runs over the neighbouring cells of
cell i.

4.2. The Landau-Lifshitz-Gilbert equation

As with the simple torque (Equation 14), the LL (Equation 15) implies that the
magnetization vector precesses around the effective field forever. They both
neglect the decay of the magnetic moment’s precession from dissipation ef-
fects and the resulting eventual alignment with the effective field direction.
Attributing this decay to various factors, such as coupling of magnetic mo-
ments to the lattice, lattice disorder, defects, impurities, etc., Gilbert [62]
suggested adding a damping term to the effective field,

dM
Heff—> Heff—ﬂw, (19)

where the damping coefficient n = a/ (1o yM;) depends on a dimensionless
phenomenological damping parameter «, which results from both intrinsic
properties of the material and extrinsic effects (e.g. defects) [62-67]. Incor-
porating damping results in the Landau-Lifshitz-Gilbert (LLG) equation,

N
1+ a2

dm:_( "

W 1+ a2 ) m X (m X Heff)) (20)

et

where v, = 7.
To study systems at finite temperature, a stochastic term based on the

fluctuation-dissipation theorem [68] is added to the effective field,

[ 2akgT
H =T/ ————, 21
thermal VIU'O% 1\/1S At ( )
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where kg is the Boltzmann constant and T' = T'(¢) is a random vector with
Cartesian components drawn at each time step during the numerical solu-
tion from a Gaussian distribution with zero mean and unit variance. Given
the dependence of Hy, ;a1 00 V and the time step At of the numerical solver,
one needs to be careful in choosing an appropriate At, particularly for small
V. With the addition of Hyy,ema> the resulting equation is often called the
stochastic LLG equation, sSLLG. We note that there are slight variations in
how precisely the stochastic term enters the equation [69,70]. The sLLG
equation can be used to study the magnetization dynamics for low to high
damping limits (o« ~ 0.001 - 1). A variety of numerical techniques have
been successfully employed to solve the LLG and sLLG [71] equations, and
numerous software packages are available: OOMMEF [72], Vinamax [73],
MuMax [74,75], and finite element codes [49,76-79] with bright prospects
for the future [80].

Traditional micromagnetics is based on the assumption that the magni-
tude of the magnetization vector remains constant. An extension of the LLG
equation, the Landau-Lifshitz-Bloch equation, which incorporates a phe-
nomenological formulation of the effects of thermal fluctuations on |m|, has
been demonstrated to provide a good description for a number of applica-
tions [81,82].

5. Scaling

Omitted from our discussion thus far is how simulation results are affected
if the cell size is changed, or rather, how to scale parameters like A and K
so that results are independent of a. The difficulty is made apparent when
considering that different contributions to H.g scale differently with a: e.g.
H, ; o a°, H,, o a?and Hy,p, o< a2

Simulating a sample of magnetic material using bigger but fewer cells, i.e.
coarse-graining, is desirable in order to decrease the number of calculations
and hence simulation time. This is particularly useful for the study of larger
systems. Moreover, considering Equation 21, using bigger simulation cells al-
lows for a longer integration time step, again resulting in faster calculations.
However, simply using larger cells, especially approaching or exceeding that
of the nominal exchange length, carries the risk of obscuring the essential
physics of a problem of interest. Scaling the magnetic parameters properly
with cell size is essential, and not trivial.

Among the different approaches for coarse-graining [83-90], we here cast
the problem in terms of the theoretically appealing renormalization group
(RG) approach taken by Grinstein and Koch [86]. Let us assume that for
a simulation carried out with cell size a,, magnetic parameters A, and K,
and field strength H, we obtain the resulting magnetization M. If we then
increase the cell size to a;, = ba, (b > 1), we need to carry out simulations with
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coarse-grained parameters A(b) and K(b), and field H(b) all chosen in such a
way so that we can map the resulting M(b) to M. In Ref. [27], we modified
and applied the approach in Ref. [86], arriving at a set of relations between
coarse-grained and original quantities in the limit of strong exchange relative
to anisotropy and Zeeman terms,

(22)

where the scaling factor ((b)= t/b + 1 - t, with t = T/T,, with T, be-
ing the Curie temperature. The parameter §=0.511 was obtained from a
one-parameter fit of M(T) computed without any scaling.

The above approach was applied in Ref. [27] to calculate hysteresis loops
of a magnetite nanorod modelled with exchange and uniaxial anisotropy
of dimensions 8a, x 24a, x 56a,, where a, = 0.839 nm is the size of the
crystallographic unit cell. In Figure 6(a), the results for b =1 involved simu-
lating 10,752 micromagnetic cells, taking months to complete. The rest of the
curves show progressive departure from the b =1 result when cell size is in-
creased without scaling any of the other quantities. In Figure 6(b), the results
show much better agreement when the scaling given by Equation 22 is used.
This methodology was further developed to include magnetostatic interac-
tions [28], and with the speed-up provided by coarse-graining, was applied to
simulating clusters of interacting nanoparticles with complex internal struc-
ture [29]. Despite being able to find a single effective ‘macrospin’ description
of an entire nanoparticle composed of several nanorods, we found that the
macrospin approximation failed when the nanoparticles were very close to
each other.

More recently, Schrefl et al. [90] produced a method of scaling interaction
parameters by integrating spin-wave fluctuations smaller than the cell size.
The authors make the case that this method should have a broader range of

applicability than RG approaches, e.g. for materials with large anisotropies
and high fields.

6. Coupling magnetic dynamics with particle motion

Our discussion up until now has focused exclusively on magnetization dy-
namics, neglecting motion of or within the magnetized body. However, there
is growing interest in simulating systems where magnetic and mechanical
degrees of freedom are coupled, both in atomic and colloidal systems.
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Figure 6. Application of RG coarse graining to nanorod MH loopsat T =310Kand SR = 2.5 Oe/ns.
(a) Changing cell length (@ = ba,y) without changing magnetic parameters. (b) Quantities are
scaled according to Equation 22. Figures adapted from Ref. [27].

For atomic systems, the micromagnetic equations of motion apply, but
now with a cell's magnetic moment mM,V replaced with an atomic mag-
netic moment g [91]. In addition to dipolar forces, forces on atoms arise
from, e.g. the distance dependence of the exchange coupling between atoms.
Spin dynamics-molecular dynamics (SPMD) simulations have already been
used in several studies [34] and have been implemented in available codes
such as Spilady [92] and within the popular MD code LAMMPS through the
SPIN package [93,94]. The authors of such codes develop and use the neces-
sary numerical framework to properly integrate the equations of motion for
the translational and spin degrees of freedom, using, for example, a Trotter-
expansion-based method that conserves the spin vector magnitude [34,95]
or implicit variants [94].

Examples of the use of SPMD include the study of phase transi-
tions [96,97], effects of spin-orbit coupling [98], magnetocrystalline
anisotropy and anisotropic magnetostriction [99], understanding mech-
anisms of (Gilbert) damping [100], electron transport across nanocon-
tacts [101], and iron nanoclusters [102].

For magnetic nanoparticles, the basic ideas behind micromagnetics return,
now with the nanoparticle represented by a single magnetization vector. The
anisotropy axis is fixed to the nanoparticle, which is modelled as a rigid body
(RB) that can now undergo rotations and translations. In this case, the mag-
netization (once again described by m) and orientation of the RB (described
by the anisotropy axis vector u) are coupled but evolve separately. When the
so-called Néel relaxation time 7y = 7y exp KV /kgT is much faster than the
rotational relaxation time 73 = 3nVy/kgT (also referred to as the Brown-
ian relaxation time), we return to the Stoner-Wolhfarth model. Here V refers
to the magnetic volume, while V' refers to the hydrodynamic (or total) vol-
ume. A nanoparticle with a magnetic core surrounded by a non-magnetic
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shell would have Vi >V. Understanding relative contributions of Brown-
ian and Néel relaxation is important for biomedical application of magnetic
nanoparticles [103,104]. In the limit of high anisotropy, m may be regarded as
being fixed along u and the magnetization dynamics are dictated by particle
rotation.

Examples of studies that couple rotational and magnetization dynamics
of magnetic nanoparticles (MNPs) include calculating specific absorption
rates of iron NPs with cubic anisotropy distributed in a viscous liquid
[105,106]; alignment of suspended MNPs to external fields with biomedi-
cal applications [107,108]; magnetic and mechanical contributions to MNP
heating [109-111]; the role of particle size on relative importance of Néel
and Brownian (at large sizes, the magnetic moment is locked with the parti-
cle axis) [112]; the effect of interparticle interactions on the magnetization
dynamics and energy dissipation rates [113]; and magnetization response
under a pulsed field [114].

6.1. Coupling of nanoparticle rotational and magnetization dynamics

We now review the equations governing magnetization dynamics for a parti-
cle that is free to rotate [35,115-118], the development of which can be found
in Refs. [35] and [117]. Consider a spherical magnetic nanoparticle with a
magnetic uniaxial anisotropy axis fixed rigidly to it. As before, this axis lies
along the unit vector u and the energy associated with the anisotropy is given
by Equation 2. The anisotropic interaction can again be described by an effec-
tive anisotropy field (given by Equation 17). This field gives rise to a torque on
the magnetic moment, a torque due to the rest of the nanoparticle (the RB),
given by,

T, =pxB=pMVmxH,; =2KV(m-u)m x u. (23)

ani

There will be an equal and opposite torque on the body due to the magnetic

moment. Recalling that § = -£ = —iMS Vm and that % = T,,, we write
Ye Ye
Equation 15 as,
dm
W = —HoYem X Hani = _fyeﬁs(m ’ n)m xu, (24)

and a corresponding equation for the angular momentum of the RB as,

L

2= Tm= -2KV(m-n)m x u, (25)



18 R.B.DIBAET AL.

that ensures that J = L + S is constant. If an external field H.,; is present, then
Equation 25 remains unchanged, and Equation 24 becomes,

dm
W = —fpYeMm X (Hani + Hext) . (26)

Equations 25 and 24 or 26 conserve energy, and are useful for checking
implementations of numerical integration algorithms.

As with pure micromagentics, we would like to consider the case that in-
cludes magnetic damping through the loss of magnetic energy to microscopic
degrees of freedom. In this case, there is a drag torque that will allow the mag-
netization to align with the anisotropy axis instead of continually precessing.
A fundamental assumption is that this torque is due to the body, and so there
must be a compensating torque due to the magnetization on the body. The
equations of motion for Langevin dynamics are [35,117],

dm
W = hD X m, (27)
with
hD=w+1M0%2{< eff——>+04m><<Heﬁf—£>}> (28)
du
7w (29)
and
dw M,V dm
@E = ar + poM,Vm x (Hey + ¢) - Ew + €, (30)

where w is the angular velocity of the body, © is the moment of inertia, and
Tauid = —&w + € is the torque due to the fluid. The factors « and £ = 6nVy,
with 7 being the viscosity, are magnetic and rotational damping constants, re-
spectively, while ¢ and € are stochastic vectors with components drawn from
normal distributions with zero mean and variances given by,

20[kBT

R —— (31)
1MV At

2 _
UC_
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and

) 26ksT
€ At

o (32)

respectively, with At being the simulation time step. The effective field is given
by,

Heff = Hext + HK + C (33)

For sufficiently small particles, © becomes negligible, and Equation 30 can be
solved algebraically for w [35,117],

MV
w= ( *—hp xm + pyM,Vm x (Hg, + C)+e) ) (34)

e

The inclusion of ¢ in Equations 30 and 34 is subject to interpretation [119].
If the thermal stochastic term affecting m arises only from torques internal to
the nanoparticle, then ¢ should not appear in Equation 30 (i.e. not added to
H., within the parentheses on the right hand side of the equation). This can
be most easily understood by considering that angular momentum changes
only from external torques,

d]
a = Texternal
d(L+8)
—— = oM, Vm x H - éw + €
dw M.V dm
@W = ;e — + LoM,Vm x H,,, - £w + €. (35)

Regardless of the interpretation, i.e. whether or not ¢ is explicitly in-
cluded in Equations 30 and 34, the numerical example below confirms that
MV

<L [117] is

both approaches yield indistiguishable results when the ratio
small [119].

In [117], Usadel developed the equations of motion for the case where m
maintains alignment with u, i.e., m = u, in the high K limit (and where ther-
mal switching does not take place). This limit, or rigid dipole (RD) model,

&Y
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can be understood again by considering the change in angular momentum,

d] _ gdw M,Vdm
dt T dt oy, dt
_pdw MVdu
dt v, dt (36)
dw M,V
=0— - wxu
dt Ye
Text’
or
M
@ili—‘:: F;wau+M5Vu><(Bext+C)+~rﬂuid, (37)

where once again we note that the inclusion of ¢ as causing an external torque
is a matter of interpretation (and can be omitted). From this, we see that, apart
from Ty,;4 and a torque stemming from ¢, the RD feels a torque,

MV
XU+ MVux By = MVux (Bext - %) , (38)
e e

and not simply M;Vu x B;.
If we are only interested in tracking the magnetization in the Brownian
(© = 0) limit, the equations simplify to [112,117],

dm

E = hRD X m, (39)
with
1 1
hRD = —MsVZ (6 + Mst X Bext) , (40)
e

where, again, the term M,V /(£7,) is often negligible, and Usadel omits it. In
a similar spirit, in Ref. [117], Usadel argues that ¢ in Equation 37 is negligible
to first order in M,V /(£7,) and omitted it from Equation 40.

6.2. Example

As an illustration of the above methods, in Figure 7 we show the results
of applying Usadel’s formalism to study the effects of Brownian rotation on
hysteresis for the magnetite nanorod introduced earlier in section 5 [27],
modelled as a sphere of the same volume as the nanorod, at various viscosities.
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Figure 7. MH loops for a magnetic nanoparticle at 7 =310 K in a fluid at several viscosities, given
in terms of the viscosity of water, calculated according Equations 27, 28, 29 and 35 (with © = 0,
and so solved algebraically for w), compared with a purely micromagnetic calculation (no rotation
of the nanoparticle allowed), Equation 20 (black curve, no symbols).

For the external field frequency of f = 125 kHz, Brownian motion significantly
reduces the loop area, relative to purely micromagnetic modelling, once the
viscosity is reduced (from infinity) to 10°1,y,> which is a reasonable estimate
for kidney tissue [120]. We also see a non-monotonic dependence of the loop
area, as partially quantified by the plot of the coercive field as a function of T
in the inset of Figure 7. This interesting feature warrants further study but is
similar to Usadel’s result that there is an optimal size for absorbed power at
fixed field strength, frequency and T.

The parameters we use in the example are as follows: T=310 K
M, = 480 x 10° A/m, K = 10* J/m>, V = 6.331625 x 1072* m® which is
(18.5 nm)?, p=7874 kg/m?, «=0.1, B, = 50 mT, B,(T) = By cos (27ft),
Nwater = 107° Pa.s. The system is equilibrated for 100 loops, and then data are
collected and averaged over 1000 loops. We use Equation 34, both with and

MYV < 4543%1074,

and the resulting hysteresis loops with and without ¢ are ﬁldistinguishable.

The results are plotted without ¢ in Equation 34. The stochastic equations of

motions are integrated using Heun’s solver [121,122] with a time step of 1 ps.

As a test on the inclusion of ¢ in Equation 34, we calculate the heat capacity

for the same model nanoparticle. Nominally, © = 2.627 x 107® kg.m?, as
2

without ¢ on the right hand side. For 7 > 1,4, the ratio

. N 2 3V 3
obtained from the moment of inertia of a sphere g(pV) (4—) *. However, we
™
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Figure 8. Heat capacity comparisons in the high damping limit with (a) 17 = 7)yaer/10. Cy (filled
squares) and Cgqp0 (Open squares) obtained using Equation 34 show a systematic deviation from
each other. Removing ¢ from Equation 34, such that ¢ provides no external torque and enters the
equations of motion only through Equation 33, yields C,,,, (filled circles) and Cge (0pen circles)
that are consistent with each other. Panel (b) shows results at a higher viscosity, 77 = 7,yaters With
greater consistency between including and not including ¢ in Equation 34.

set © = 0 since we use Equation 34, thus neglecting the rotational kinetic
energy and its contribution to the heat capacity. In Figure 8(a), we plot for
N = Nywater/10 and Bey = poHeq = 4 mT the heat capacity obtained from
fluctuations in the energy,

<E*> - <E>?
C,, = —— (41)
var kB Tz

with filled symbols, and from the derivative with respect to T,

d <E>
Cslope = T’ (42)

with open symbols. The results using Equation 34 (squares) deviate from each
other, while omitting the explicit appearance of ¢ on the right-hand-side of
Equation 34 yields consistent curves. For 7 = 1),,,er» Shown in Figure 8(b),
there is greater consistency between data sets. While our example is not par-
ticularly physically meaningful, given the T range employed, it does serve as
a note of caution when modelling the effects of T through the inclusion of
in Equations 30 and 34, or at least as an encouragement to test for consistency
in one’s results when including ¢ in Equations 30 and 34. The heat capacity
simulations are performed using 2 x 10® equilibration time steps followed by
8 x 10® steps over which statistics are gathered. The simple centred difference
scheme is used to calculate Cy,pe from <E(T)>.
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7. Concluding remarks

In writing this review, we have covered the micromagnetics background
that two of us would have greatly benefited from knowing prior to start-
ing computational research on magnetic nanoparticle hyperthermia, having
come from an MD simulation background. We have learned that the appli-
cation of micromagnetics to study problems where temperature and process
rates are important can be challenging when coarse graining is required to
bridge different length scales. We have shown in our previous works, as high-
lighted in section 5, that scaling methods taken from fundamental concepts in
renormalization group theory are useful for this purpose in the study of mag-
netic hyperthermia. Using this or alternative scaling approach to study other
problems where thermodynamics plays a key role warrants consideration.

MD simulations have grown immensely in applicability and use since their
humble beginnings with hard spheres [123] and now are used extensively
in many research areas within, e.g. biochemistry, chemical physics, and ma-
terials engineering. There are several well supported, well documented and
flexible computer codes and associated tools for system setup and analysis.
Several books, now classics, have been written to bring students up to speed
on how to write or properly use simulation codes, analyze data and implement
advanced techniques based on statistical mechanics.

We are very pleased to see similar development in micromagnetic simula-
tions, and expect to see continued growth in the application or consideration
of micromagnetism as available codes become more accessible and research
areas broaden into biomedical areas. Notable is the inclusion of SPMD in
the popular MD code LAMMPS [93], which has facilitated research where
lattice motions couple with magnetization dynamics. We would encourage
similar inclusion of magnetization dynamics within colloidal particles as a
boon to the magnetic nanoparticle community, including in new areas such
as magnetically controlled nanoswimmers [124].
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